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Abstract. Let S' be a noetherian graded algebra over a commutative k- 
algebra A, where k is a commutative ring, and assume it is a module over 
a Lie algebroid SA/k- If S' is semi-simple over g^/k we prove that its ring 
of invariants S' is notherian. When g/y/k ' s a solvable Lie algebra over A we 
construct noetherian subalgebras of S' from subsets of characters of SA/k- We 
give similar results for noetherian modules over the pair (S',0^/k)- 



1. 

Let A/k be a commutative k-algebra over the ring k, and T/v/k its A-module 
of k-linear derivations, which is also a k-Lie algebra. Let 0A/k be an A-module 
of finite type provided with a k-linear Lie bracket [•, •] : 0A/k ®k 0A/k - > 0A/k 
and a homomorphism a : 0A/k - > T A /k of Lie algebras and A-modules, where 
we require [5, ar\] — oc{8)[a)r\ + a[6,r|], a G A, S,T| G QA/k- We call the object 
(A>0A/k>°O a Lie algebroid, thinking of it as an infinitesimal Lie groupoid; the 
names Lie-Rinehart algebra and Atiyah algebra also circulate in the literature. Here 
are two basic families of examples of Lie algebroids: (i) QA/k — TA/kU) C TA/k, 
the Lie subalgebroid of derivations 3 which preserve an ideal I c A, 3(1) C I; 
(ii) 0a = A Ok 0k, where 0k is a k-Lie algebra provided with a homomorphism 
of k-Lie algebras <J) : 0k — > T A /k, where [di ® 6i , a.2 <8> 62] = ai <J)(5i )(a2) ® 62 — 
a24>(52)(ai +ai a 2 © [61 , 5 2 ], Qi, a 2 G A, 61, 6 2 e 0k, and a : A® k 0k T A/k , 
a(a ® 6) = acf)(5). 

A 0A/k- m °dule is an A-module M and a homomorphism of k-Lie algebras f : 
0A/k — > Endk(M) such that f(a6)(m) = af(6)(m) and f(6)(am) = a(a)m + 
af(6)(m), 6 S 0A/k, a G A, m. e M. By a graded A /k- a lg e bra we mean a graded 
commutative A-algebra S = ©i>oS\ which at the same time is a 0A/k- m °dule 
by a homomorphism of A-modules and Lie algebras <}) : 0A/k ^s /k> such that 
MVIS 1 ) cS\ 8 e QA/k- 

A graded (S',0A/k)- m °dule is a graded S'-module and 0A/k- m °dule M — 
©igzM 1 such that 5 • M> c M l and 6(sm) = 6(s)m + s6m, s e S',m G M', 
6 G 0a- We let Mod(S',0A/k) be the the category of graded (S ,0A/k)- modules 
M' which are of finite type over S'. 

When M' G Mod(S',0 A /k) we denote its invariant space M' = (M') flA = {m G 
M ' I 6 • m = 0, 5 G 0a}- Clearly, S' = ©S 1 is a graded subring of S , and M' is an 
S'-module. 

2. 

The following result generalizes Hilbert's theorem about the finite generation of 
invariant rings with respect to semi-simple Lie algebras pQ. 
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Theorem 2.1. Assume that M' G Mod(S',0A) where S' is a graded noetherian 
Q A/k -algebra. 

(1) Assume that S' is semi-simple over 0a and S° is noetherian. Then S' 
is a graded and noetherian subring of S' . 

(2) Assume (1) and also that M' is semi-simple over £)a- Then M' is of 
finite type over S'. 

Remark 1. It is likely that the assumption in Theorem l2.il (2), can be relaxed so 
that (1) need not be assumed, at least when A is a field. The problem is that we 
need to know that the 0A/k- m °dule HomA(M',M') is semi-simple, since then S 
can replaced by its image in Hom.A(M', M). However, it seems that in general it 
is a non-trivial problem to see when the 0A/k- m °dule of A-linear homomorphisms 
of semi-simple modules is semi-simple. 

Lemma 2.2. If N is an (S° , 0A/k) -module of finite type over S° and semi- 
simple over 0A/k> then N is of finite type over S°. 

Proof. The S°-submodule S°N C N is of finite type over S°, hence there exists 
an integer n and a surjective homomorphism of (S°, gA/k)- m °dules ©£_-|S — > 
S°N. Since S° and N are semi-simple, and therefore also S°N is semi-simple, it 
follows that this homomorphism is split, so applying the functor Hom flA/k (A, •) 
the induced map ©T^S -^(S°N) BA / k =Nis also surjective. □ 

Lemma 2.3. Make the assumptions in Theorem \2.1\ (1) and (2), so in par- 
ticular S' = AS' © Q, where Q is a semi-simple g^/y-submodule of S' , and 
M' = AM' © M^ . Then QM c M, . 

Proof. Let V — £>(flA/k) be the enveloping ring of differential operators of flA/k- 
For elements q G Q and m G M' we have qm = mo + mi , where mo G AM and 
mi G Mi , and our goal is to prove mo = 0. Since Q is semi-simple it suffices to 
prove this when V ■ q is simple. Since V ■ mo C AM' it follows that Pmo = V ■ 
(2?m ) SA/k . Therefore, since (P-q)nAS' = {0}, it follows that HoTn.x>(£>m , Vq) = 
0; hence Annu(mo) <t- Annu(q), so there exists an element P in V such that Pq ^ 
and Prrio = 0. We have now 

V ■ (m + mi ) = X>(qm) = [V ■ q)m = [V ■ P • q)m = 2?P(m +mi ) = £>Pmi . 

Therefore mo G Mi n AM' = {0}. □ 

Proof of Theorem 12. II (1): Since S' is graded noetherian there exists an integer 
r such that the graded S°-submodule of V = ffi[ = i S 1 C S + generates S S + over S'. 
Let B' be the subalgebra of S' that is generated by V and S°, so in particular 
B 1 = S 1 when < i < r. Let d > r be an integer and assume by induction that 
S l = B l when i < d. We have (as detailed below) 

S d = lY_ S i -S d " i )nS d = Y_ S i -S d - i = Y_ B^B^^B 11 . 

l<i<r l<i<r 1<i<r 

The first equality follows from the inclusion S d C S S+ = S' • V, noting that V is 
concentrated in degrees 1 to r. To see clearly the second equality, we first have by 
Lemma [231 that S^Q 1 c Q d ; then since S d = AS d © Q d , if f G Q d , g G AS d , 
and f + g G S d , it follows that f = 0. The last equality follows by induction. This 
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proves that B' = S'. Since B° = S° is noetherian and V is of finite type over B° by 
Lemma [2T2| Hilbert's basis theorem implies that S is finitely generated. 

(2): The proof is similar to (1). Since M is noetherian there exists an integer 
r such that the graded S°-submodule W = ffli<i< r M l of M' generates the graded 
S -module S'M >0 C M'. There exists also an integer t such that M v = when 
i < t. Let N be the S -submodule of M that is generated by M <0 and W. Then 
N 1 = M l when i < r. Let d > r be an integer and assume that N l = M 1 when 
i < d. We have then again by induction 

M d = [Y_ S i -M d " i )nM d = Y_ S i -M d " i = Y_ S i -N d ~ i = N d . 

1<i<r l<i<r l<i<r 

The second equality follows from the inclusion Q d ~ l • M 1 C Mi (Lem. 12 .3f) . 
Therefore M = N , and since N' is finitely generated over S by Lemma T2.2I this 
completes the proof. 

3. 

Now assume that A = k and a — 0, so that 0k is a Lie algebra over k, and assume 
moreover that 0k is solvable, so S k need not be semi-simple even when k is a field. 
In fact, by a famous counter-example to Hilbert's 14th problem due to Nagata [2J, 
there exists a noetherian 0k-algebra S k where 0k is a solvable finite-dimensional 
Lie algebra over a field k, such that the invariant ring S is not noetherian. 

Instead of the invariant subring we will make a construction of noetherian sub- 
algbras of S k using subsets of characters of the 0k-module S k . Let Ch(0k) = 
(0k/[0k,0kD* be the character group. If x G Ch(0 k ), we put S x = {s G S' | (X - 
x(X)) n s = 0, n 3> 1,X G 0k}. Similarly, we define M x when M is any graded 
(0 k ,S )-module, and put supp flk M' =(x£ Ch(0 k ) | M x ^ 0}. 

Theorem 3.1. Let S' = © n >oS n be a noetherian graded 0k- algebra, where 0k 
is a solvable Lie algebra and put C = supp 0k S'. Then 

S = ^ S x , 

and C is a commutative sub-semigroup of Ch(0k) where the binary operation 
is induced by the ring structure of S' . 

(1) Let F be a subsemigroup of C, and put Y c — C \ V . Then 

xer 

is a graded g^-algebra, and if moreover V + V c C r c , then S r is noe- 
therian. 

(2) Let M' be a finitely- generated graded [Q]^S ) -module and put Cm = 
supp 0k M' . Then 

M = M *> 

4>gCm 

and C acts on Cm in a natural way. Let V be a subsemigroup of C, CD 
be a subset of Cm, put O c = Cm \ and consider the conditions: 

(a) r • O C O, 

(b) r c • O C O c . 



4 



ROLF KALLSTROM 



Then (a) implies that 

M ® = M * 

is a graded (S r , jjk) -module. If also (b) is satisfied, then M.^ is of finite 
type over S r . 

Remark 2. The assumption are trivially true when r = {0} C C, and SV -j is the 
subalgebra on which jjk acts locally nilpotently. If moreover k is a field of charac- 
teristic and Sj ) is the symmetric algebra over a finite dimensional representation 
of 0k, Weitzenbock's theorem [3] implies that its invariant ring S', < is noetherian. 

Proof. (1): Since gk is solvable it follows that S X S X , C S x+ ,, implying that C is 
a sub-semigroup of Ch(gk), and S r is a 0k-subalgebra. It remains to prove that 
S r is noetherian. Define a noetherian algebra B' as in the proof of Theorem 12. 1\ 
so B 1 = Sp when < i < r. Let d > r be an integer and assume that B 1 = Sp 
when < i < d — 1. Since V + P c C F c it follows that S rc S r C S rc . Therefore 
Sp _l Sp c C Sp c , and we get as before 

S£ = ( Y_ Si • S r _i ) n s r = Y. S r-Sr _i = Y. B i -B d - i = B d . 

1<i<d-l 1<i<d-1 1<i<d-1 

This proves by induction that B' = S r . 

(2): The action of C on Cm is induced by the S -action on M . The proof that 
M is of finite type over S r is analogous to the proof of Theorem 12 .11 (2). □ 
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